Computing the topology of three-dimensional algebraic curves by Gatelier, Grégory et al.
HAL Id: inria-00070798
https://hal.inria.fr/inria-00070798
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Computing the topology of three-dimensional algebraic
curves
Grégory Gatelier, Abder Labrouzy, Bernard Mourrain, Jean-Pierre Técourt
To cite this version:
Grégory Gatelier, Abder Labrouzy, Bernard Mourrain, Jean-Pierre Técourt. Computing the topol-
ogy of three-dimensional algebraic curves. [Research Report] RR-5194, INRIA. 2004, pp.21. ￿inria-
00070798￿
IS
S
N
 0
24
9-
63
99
ap por t  
de  r ech er ch e 
Thème SYM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Computing the topology of three-dimensional
algebraic curves
G. Gatellier — A. Labrouzy — B. Mourrain — J.P. Técourt
N° 5194
Mai 2004
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
 
				 !#"%$&'(!)'*+,*+!- *+.
./0!)
13241&5%687:9;9=<;7:>&? @2 A/5CB>DFEGIHJ? KL2NMODFE>P>85%<;QR?4S2UTV2 WYX7[Z:DFE>'6
\^]`_abac:dfehgic[jlknm _aPbak^knjobprq:sUtvuowlakxzy q|{}a'm/~f/!!
!Ir q y m^la y a ] a y  ] aJ% lP|ge  t|IIgi | ak

8II m ] tvk y a  q y m'%za y akna[m  a'Jba'm ] ql q y q[b  wlm¡tv  m ] amnq  qIs¢q  j£q|Nw yn¤ ak
a¥%laP  km ] at¢[mna y k¡aPm¡t¢q:¦q|!m§#qt¢b  s¢t¢'tUmk¨w y   aPk'© \^] ab  t¢¦t¢ [y aPlt¢a[mnk Iy a ry qI{}amntUq[
mnqoqIsvk'p  knaq: y ak¨wls¢m  [m+'q:knm y wmntUq[k  r|ª«t¢bark¡t¢q:  s  q:sUjllq[bt  sNk¡jlknm¡aPbhknqIs ¤ a y k©­¬®a
ak¨ y t¢p%a  sUtU m¡tv  ba'm ] qo& q yf q:t¢[m¨kVq[m ] a y q|{}aPmntUq[q|Nm ] a¯'w yn¤ a+q[ 
 s  laIFa ¤ a°t¢°m ] a
  knaq|^bwls¢m¡t  s¢a y a'tvb | aPkq:m ] a£±|²'w yn¤ a:©  aPw't¢  m ] a y q:psUaPb³m¡q°m ] a£'q:b :y tvk¡q[°qI
'qoq y lt¢  m¡aPk4qI´k¡qIª«  s¢sUaP y tUmnt¢  s  q:t¢[mnk[za y q  q[k¡a   :y q   ]  ] t¢ ] 'q:bplt¢ak#q:[m y q:s  r
a'µ­t¢a'jI©V¶ab ] k¡tvk`tvfm ] tvk·#q y¨¸ tvk  wlm´q:fm ] aNa¹  a y tvba[m  s ¤º s¢t¢  m¡t¢q:fqIom ] tvk´laba'm ] ql`©» ¹  b  s¢ak^m y a  m¡aP^t¢m ] m ] amnq[q:s¢k!q|4m ] as¢t¢p yn:y jL¼·½´¾¿oÀÁÂ/s  aPp yn t¢c[q| m§ Iy aª¡Ãzq:b  q:laP:m¨k# q y:» q[bam y t¢fbqlla't¢ rÄ4Iy a¶k ] qº^tv  m ] a  qImna[m¡t  s·qIk¨w ] m¡aP ] ltvu[wak©
ÅÆ[ÇFÈ¨ÉÊ%8ËI w yn¤ aIotvb  sUtvt¢m^knw y   aIomnq  qIs¢q  j:  q:sUjllq[bt  sFaPu[w  m¡t¢q:· y aPknwls¢m  [m' y q|{}a'm¡t¢q:`
 y t¢m¡tv  s  q:t¢[mra y mntÌ¥raP
'q:b  wlm  mntUq[`k¡jlbprq:sUtvÍª§owba y t¢¶q[b  wlm  m¡t¢q:`  a'q[bam y t¢fknq| m§ Iy a
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Æ    k'a yn: q y m´lq[wkaP y t ¤ q:k¶wla­q:w ¤ a's¢sUaba'm ] qlla  q[w y   s¢wls¢a y s  mnq  q|ª
s¢q  tUa
laL'q:w y p%aka¥CltUaPk'q:b¯ba£tv:mna y k¡aPmntUq[ lalawo¹ k¨w y   aPktvb  s¢t¢'tUmnak©akt¢ :y alt¢a[m¨kry tvt  wo¹¦k¡q[[m¯ak¯m¡aP ] ltvuowlakla ry qI{}amntUq[`Np  ka'ak¯k¨w y lak  sv'wlsvkla y ak¨wls¢m  [m¨kamlak
q[wlm¡t¢svkVla y aknqIsvwlm¡t¢q:rk!la¯k¡jlknm _aPbak!aPuow  mntUq[k  qIs¢jllq:bt  s¢ak©Vq:wk y akna[mnq:kVwla¯ba'm ] qoa
a y a's _a ¤ aba[m/la  q:t¢[mnkfk¨w y s £y q|{}aPmntUq[las  q[w y pra  kVw  s  `Cwm¡t¢sUtvk  pls¢ababa  k
s¢a
  kla y at¢b | ak+bwls¢m¡t  sUaPkk¨w y s  q[w y p%a£±I© ! baP  [ms¢a ry q[pls _aba _ s  'q:b Iy¨ tvknq:
akqoq y lq[aakfla  qItv:m¨k+lt¢mnk+ y t¢m¡tvuowlak´lq[wk y q  q:knq:k¶wa Iy ql ] auowlt4q[bpltvla­a y mntÌª
¥C  mntUq[a'm+a'µ  'tUmaI©fla  m¡m¡aP[m¡t¢q: Iy m¡tv'wsUt _a y a¯aknm+lq:ra'a  k+'a­m y¨8¤º t¢s _ s ¤º s¢tv  mntUq[
a'¹  a y tvbaP[m  s¢aI©£VaPk+a¹laPb  sUaPk'm y¨ t¢maPk 8¤ aPs¢ak+q:wlmntUsvkla£s  pltvpls¢tUq:m ]`_auowla­¼·½´¾r¿Á;/s  aPp y¨ tv
coq| m§ Iy aª¡Ãzq:b  q[la[m¨k´ q y4:» q:bam y t¢ bqlla't¢ rÄ bq:[m y a[m mnq:wlm4s¢a  qImna[m¡t¢a'sCla!am¡mna!lq:w ¤ a's¢s¢a:y ql ] aI©
JÊrPÈÙ! "ÆoL 'q:w y p%aIk¨w y   a¶tvb  sUtvt¢m¡a:rm¡q  q:sUq  t¢aIaPuow  mntUq[  qIs¢joq:bt  sUa: y ak¨wls¢m  [m ry qI{}aÍª
mntUq[`  qItv:m/ y t¢m¡tvuowlaI%  sv'ws·a y m¡tU¥#a:osUt¢aknjobprq:sUtvuowlaª§owba y tvu[waI[sUq  tvt¢a's  a'q:b$am y t¢uowla
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fwba y t¢  sobqoa's¢t¢ f s  jok  tv y a  knt¢  sUj y q:sUazt¢¥ra'svk  mm ] a#prq y la y p%a'm§#a'aP+  m /y qlaPknknt¢  Yb  m ] aPb  m¡tv'k© \^] t¢k¯tvkm ] a&  kna£ q y a¹  b  s¢at¢Ã#/ Á§Ãzq:b  wlmna y ª  t¢a¦aknt  `N ] a y a
m ] aq:po{}aPm¨kqI  kn'alaLq y¯ t¢aaLm¡q3p%apwlt¢sUm Iy a y a y aPk¡aP[m¡a¦p:j rIy¨ ba'mna y t1a w y¡¤ akq y
k¨w y   'ak!k¨w ] k  32 c Ä  y q:p%qImnt¢k+Á y q[pls¢ab q|4m ] a :yn sUs¢a's y q[prq:m'Cq y!¤ tvkntUq[ Ä Cq y bq:sUaP'wls Iy
ptUq:sUq  jÁ y aprwltUsvltv  q|  bqIs¢awls¢a knm :y mnt¢   y q:b m ] a/b  m y tU¹+q|Cm ] a/ltvknm  rakp%a'm§#a'aPt¢mnk  m¡q[bk
q[plm  t¢ap[j fe Ä ©[ =wr  baP:m  s%q  a y¨ m¡t¢q:tvm ] t¢kzq:[mna¹lm4tvk4m ] a!tv:mna y k¡aPmntUq[qI  a'q[ba'm y tv
bqllas¢kl ] tv ] s¢a  k m¡q  s  ap y¨ tvVuowlaPk¡mntUq[k© Lm ] t¢k I a y lza¶ qlwk^q:
m ] a y q:pls¢ab qI'q:b  wlmnt¢  m ] amnq  qIs¢q  j£q|m ] atv[m¡a y knamntUq[£qI
m§#q  s  aPp y¨ tvk¨w y   aPk'©cow ] uowlaknm¡t¢q:ftvk· y t¢m¡tv  sIt¢b  [jfk¡q:sUtv  a'q[ba'm y j/q  a yn m¡t¢q:k'tv ¤ qIs ¤ aP
tvLm ] a+t  tUm  s´bqlla's¢tv  q y 'q:knm y wmntUq[ ry qlaPknk qIk ]I ak©  Lm ] a+  kna¶q|m§zq :yn ba'm¡a y t41'aP
k¨w y   'ak`t¢q y la y mnq y aPwa¯mnqk¨w ] k¡t¢mnw  m¡t¢q:`´zab  j°q[b  wlm¡a¯m ] at¢b  s¢tvt¢mauow  mntUq[°qI
q[laqINm ] a y¨ m¡t¢q:  sknw y   'ak65 7Â© \^] tvk y arwaPk!m ] a ry q[plsUaPb²q|Ntv[m¡a y knamntUq[m¡q
m ] a¯  k¡aq|  
tvb  s¢t¢'tUm   ¯:yn ba'm¡a y t41'aP y a y akna[m  m¡t¢q:·[ ] t¢ ] prq:tUsvk^lqº/`p[j£k¨wpknm¡t¢mnwm¡t¢q:`mnq¯m ] a+  kna
qI  w yn¤ a^la¥Cla¯p[j  tvb  s¢t¢'tUm4aPuow  mntUq[tv¯m ] a  s  la^q| Iy¨ bam¡a y k©98fw y b  tvq[a y ^t¢sUs
p%am ] a¯  k¡aq|4tvb  sUtvt¢m'w yn¤ aPk'Ca't¢m ] a y tv&m ] a  s  laq y la¥%a°p[jm§#q  qIs¢joq:bt  saPuow  mntUq[k'
tv  ±ºª§lt¢baPk¡t¢q:  s`k r a:©\^] tvkLt¢[mna y k¡aPm¡t¢q: y q[pls¢ab y aPat ¤ a  sUq:m£q|  m¡mna[m¡t¢q: t¢æm ] a  knmLsUt¢m¡a yn mnw y aI© c[a'a° q y
tvknm  a:5 llll);<7«©ft=Ca y aP:mmna ] ltvuowlak ÁÂknwrp%lt ¤ t¢knt¢q:`|s  mnm¡tva a ¤º s¢w  m¡t¢q:`:b :y  ] t¢  ba'm ] qork Ä]r8¤ a¯praa®a¹  a y tvba[m¡aP>5Ì@?$7ÂA5ÛP<7ÂB5Û 7ÂC5Ì±7ÂB5Û8)7ÂA5ÛP<7«´pwlmm ] a'j°k¨wD=Fa y  y q:b m ] a y q:pls¢ab qI
'a y m¡tU jot¢  m ] am¡q  q:sUq  jq|m ] a y aPknwls¢m'© m ] tvk : a y C#a y akna[m  laJba'm ] qo&m¡q£'q:b  wlmnam ] am¡q  q:sUq  j
q|    s  ap y¨ tv'w y¡¤ a
tv3±|p  kna q[   a¹lmnakntUq[ q|/m ] a
º Iry q   ] 5ÛP±<7«E5Û:"7Â©F8fw y q:pl{}amnt ¤ a­tvk+m¡q®la ¤ tvk¡a 
'a y m¡tU¥ra  Lq:wlm  wlm}ª§knakntUmnt ¤ a+ba'm ] qo·rtvq y la y mnq­q:bpltvla+q[:m y q:s  r
a'µ­t¢a'jI©N¬ak ] qº
m ] mVtUm y aPw'ak/mnq£m ] a'q:b Iy tvk¡q[
qINqoq y ltv  mnak^qI  q:t¢[m¨k/q|4tv[m¡a y kna'm¡t¢q:k!q| m§zq
'w yn¤ aPk/q y
m ]y a'a¶knw y   'ak© \^] t¢k#m  k ¸   
praf=wlsU¥rs¢sUaPp:j­wrk¡tv  a¹  'm#bam ] qlkknwr ]£ k#m ] a¶q:la¶lak¨ y tvpraP
tvG5 ±<7ÂH5 ?$7« ] tv ]3y aw'ak¶mnq°q[b rIy t¢knq:°q| y qoq:mnk¶q|/wt ¤ºIy t  m¡a ry q[plsUaPb¯k'©I8fw yIry q   ] t¢k
'q:bplt¢t¢  k¡jlbprq:sUtv  °owba y tv+mna ] ltvuowlak`tv°q y la y mnq£¥rs¢m¡a y m ] aowba y t¢  sq[b  wlm  m¡t¢q:`©
¬a y akna[m y a's¢t¢btv Iy j­a'¹  a y tvbaP[mnk tvm ] as¢t¢p yn:y j£¼´½´¾¿DJÁ;/s  aPp y¨ tvcoq| m§ Iy aª¡Ãzq:b  q[la[m¨k
 q y+:» q:bam y t¢­bqlla´tv Ä a ¤ q:m¡aP3m¡q  s  ap y¨ tvmnq[q:s¢k+ q y a'q[ba'm y tv­bqoa's¢t¢  ©°¬a :y a­tvoª
mna y aknm¡aP®tv3m ] a­aµ­'tUaPj    s¢knqt¢ m ] a£owba y tv  szpra ]8¤ tUq y+ 3knm  plt¢sUt¢m§j°qI m ] a£ba'm ] ql`©\^] aa'¹  a y tvbaP[mnk Iy ab  a¯wrk¡tv  m ] a   ¸8I aKLNM`¼NOPKQI5 ;<7/Á«c[dfbp%qIs¢tv   fwba y t¢ x# s¢tÌª
  mntUq[%c Ä · q y m ] a  q:sUjllq[bt  s4k¡q:s ¤ a y kVt¢m y q ¤ t¢ak©¬®a : s¢j°tv rIy m¡tv'wls Iy knqIs ¤ a y k´p  k¡aP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